Abstract
Introduction
Intermediate storages are often used in industry, such as chemical, pharmaceutical, food industry, environmental industry, energy production, and so on [1] . Detailed possibilities can be found in [2] . They serve as a buffer which is able to balance the differences between the turnout and the usage of the material due to some uncertainties, maintenances, failures and so on. But in general sense banks, insurance companies serve as intermediate storages as well. They collect money, while in the industry material is usual. In this paper we use the industrial motivation and terminology. The assumptions concerning the operation correspond distinctive properties of the models. These assumptions demand different toolkits during investigation. Some techniques like Monte Carlo simulation is often applied, but mathematical methods can be very useful as well. The combination of mathematical tools and informatics seems to be the most effective nowadays in engineering [3, 4] . The mathematical apparatus can be usually applied only to a certain extent, but it is useful for verifying the tools applied in computer engineering. We followed the mentioned way previously. Determination of the necessary initial amount was investigated earlier in the continuous model in [5] , and in the discrete model in [6] .
The investigated model
During this investigation the intermediate storage connects two types of processing subsystem, the input subsystem and the output one. The operation of the input subsystem is supposed to be a batch process while the operation of the output subsystem is continuous.
The input process produces the material and fills it into the buffer and the output subsystem withdraws it for further processing. A schematic figure of this system can be seen in Fig.1 .
The operation of the batch subsystem is assumed to be random. The fillings happen at random time points and the amount of the filled material is random as well.
The time between the i th and (i+1) th filling is denoted by t i , i=1,2,… . We investigate the process from time 0. The time of the i th filling equals The amounts of material filled into the buffer during the fillings are described by identically distributed nonnegative continuous random variables with cumulative distribution function G(y) and probability density function g(y). The amount of material filled at the i th filling is denoted by Y i i=1,2,… . We suppose the independence of Y i 's, moreover, the filling process N(t) and filled material Y i are independent as well. The withdrawal is supposed deterministic and withdrawal rate is given as function of time q(t). Actually we deal with the case q(t) = c positive constant value. Now, the material withdrawn from the buffer from time 0 to time t equals ct. The question is the size of the buffer in order to avoid overflow in a large time interval. We mention that due to the randomness the required size can be determined to a given reliability.
To The initial amount of material was x 0 = 10, the size of the storage is x s = 20, their difference equals x s -x 0 = 10. Interarrival times are exponentially distributed random variables with expectation μ f = 1, filled amount of material are also exponentially distributed with parameter μ g = 4. Withdrawal rate is c = 2. The downside lines show continuous withdraw and the upside jumps are the consequences of the random fillings. The first moment when the amount of material in the storage exceeds the size x s = 20 is about T(10) ≈ 35.5. This is the first time point when the inequality 20 < U(t) holds.
To investigate the reliability and the time of overflow it is worth investigating the following auxiliary function, which is called the Gerber-Shiu discounted penalty function in insurance mathematics [7] . Let (4) which is essentially the Laplace transform of the probability density function of the finite overflow time. One can easily see that
Consequently the function m(x,δ) is appropriate for investigating both the reliability and the expected time of overflow.
Integral equations and solutions
In this part we present integral equations which are satisfied by the function m(x,δ) and we provide an analytical solution in a special case.
With the help of renewal theory the following theorems are proved:
Theorem 1 If the probability density function of the interarrival times is f(t), and the probability density function of the filled amount of material is g(y), then, for any value 0 ≤ x and 0≤ δ, m(x,δ) satisfies the following integral equation 
Especially, The solution of the above equation in case of exponentially distributed inter-arrival times is a sum of polynomials and exponential functions. As the formula is complicated we omit it.
Comparison of the analytical results and the simulated/approximate ones
A possible method for the determination of the Gerber-Shiu function is Monte Carlo simulation. The simulation process is easy to realize. The main steps are the following:
• Fix the time interval [0,T max ] until the process is investigated, the value of the parameter c and the value of x and δ. Fix the distribution of the inter-arrival times and filled amount of material by defining the probability density functions f(t) and g(y). Initialize the time point and initial amount of material as 0.
• Generate random variables with probability density functions f(t) and g(y). Compute the time point of the actual filling and the amount of material being in the storage by summing the fillings and subtracting the withdrawn material. Check whether the amount exceeds the level x. If yes, then overflow happens, the time of overflow is the actual time point. If not, repeat the activities of this point until the time passes the value T max . If overflow does not happen, the value of T(x) • I T(x)<∞ is defined as zero according to the definition. During this step we produce a realization of the process as it is presented in Fig. 2 . In order to check the exactness of the simulation process we compare the simulated results and the exact ones given by (9). Fig.3 . presents the exact values when the parameters are μ f = 1, μ g = 0.55, c=2.
Simulation was executed to T max =3000, and the number of simulation was N=1000.
The differences between the exact and the simulated values can be seen in Fig.4 . and they are less than the error of the simulation. The parameters were the same as in case of Fig.3 .
The probability of overflow as the function of the size can be seen in Fig.5 . There are only small differences between the exact results and the simulations. 
Approximation of the reliability by parameter fitting
The main relevance of the exact solution is the fact that one can try to find the solution in this form in general cases. Of course, we can have an approximate solution with this method. We can have simulation results and we can fit a function on them with the least squares method. We followed this way and we realized that the constant values of the exact solution can be approximated very well in the case of exponentially distributed inter-arrival times and filled amount of material. Moreover, the approximate coefficients are suitable for the approximation of the expected overflow time as well. While the exact function describing the expected overflow time is
exp( ). As it can be seen in Fig. 6 ., their difference is quite small even in case of a small number of simulations (N=1000), which produces fluctuations in the values of simulated results. 
In Fig. 7 one can realize that the differences can hardly be seen. The next figure presents the differences between the exponential-type approximation and the hyperbolic tangent approximation in case of Gauss distributed inter-arrival time and filled amount of material. The parameters were E(t i ) = 1, D(t i ) = 0.1, E(Y i ) = 2, D(t i ) = 0.3, c = 3. The end of the time interval was fixed T max = 3000, the number of simulations was N = 10000. One can see that in this case the hyperbolic tangent distribution family provides a better fitting to the simulated data than the exponential function. Actually let us return to the industrial problem, namely determine the size of the storage which is large enough to avoid the overflow with a given probability 1 − α (reliability). That is, after fixing the value of 1 − α, we would like to know the value x for which In case of Gauss distributed inter-arrival time and filled amount of material with the parameters of The solution is given by (25), the required sizes are plotted as the function of overflow probability in Fig. 10 . The larger the probability, the smaller the size. 
Effects of dispersions
Finally we present the effects of the uncertainties on the required size of the buffer for a given reliability level. The following process arises from practice: some kind of chemical process needs an organic solvent. The solvent arrives in batches which are approximately Gauss distributed and the time points of arrival are Gauss distributed as well. The necessity of the solvent is c = 87kg/h. The expectation of inter-arrival time is m 1 = 3.9667 h, the dispersion varies from zero to 1. The expectation of batches is m 2 = 345 kg, the dispersion varies from 0 to 70. Figure 11 represents the required storage capacity to avoid overflow with reliability 0.9 (that is α = 0.1) to T max =720 hours Figure 11 represents that the larger the dispersion the larger the required size, as it is expected. Figure 12 shows the required storage capacity to avoid overflow with reliability 0.9 (that is α = 0.1) to T max =720 hours as the function of the dispersion of filled amount of material in case of different values of dispersion of inter-arrival time. Again, the larger the dispersion the larger the required size, as it is expected. We mention that σ 2 = 0 corresponds to the case of constant amount of filled material.
Summary
This paper deals with the determination of the required size of an intermediate storage to a given reliability level. An auxiliary function is introduced and an integral equation is presented for it. The exact solution is given for a special case and is compared to the simulated results. In general cases we suggest a family of functions for approximating the exact values of overflow probabilities and compare them to the exact solutions. The approximate function is applied to determine the required size.
